


(∆, p)
X : ∆ → R

v ∈ ∆
X = v

p(X = v) =
∑

x∈∆:X(x)=v

p(x)

x ∈ ∆ X(x) = v
∆ ⊆ R

X
∀x ∈ ∆ : X(x) = x
p(X = v) = p(v)



X

p(X = 7)



p(X ≤ b) p(X ≥ a) p(a ≤ X ≤ b) p(X2 '= 1)

f : R → R X
(p,∆) f ◦ X = f(X)
(p,∆)



X (p,∆)
X

∑

x∈∆

X(x) · p(x)

E[X]

E[X]
E[X]

X



X

E[X]



X (p,∆)

E[X] =
∑

r∈X(∆)

r · p(X = r)

E[X] !



X,Y
(p,∆) a, b ∈ R

E[aX + bY ] = a · E[X] + b · E[Y ]

!

E[X · Y ] = E[X] · E[Y ]
∆ = {0, 1} p(·) = 1/2

X(0) = 2 X(1) = 1/2 Y (0) = 1/2
Y (1) = 2 E[X · Y ] = E[1] = 1

E[X] = 2 · 1

2
+

1

2
· 1

2
= 1.25 E[Y ] = 1.25



A

E[X | A] =
∑

r∈X(∆)

r · p(X = r | A)

X

E[X | A] A



A1, . . . , An ∪n
i=1Ai = ∆

∀i, j : (i '= j ⇒ Ai ∩ Aj = ∅)

E[X] =
n∑

i=1

E[X | Ai] · p(Ai)



E[X]

∑

r∈X(∆)

r · p(X = r)

∑

r∈X(∆)

r ·
n∑

i=1

p(X = r | Ai) · p(Ai)

n∑

i=1

∑

r∈X(∆)

r · p(X = r | Ai) · p(Ai)

n∑

i=1

p(Ai)
∑

r∈X(∆)

r · p(X = r | Ai)

!



X,Y
r, s ∈ R X = r Y = s

X, Y
E[X · Y ] = E[X] · E[Y ]

E[X · Y ] =
∑

r∈Y (∆) E[X · Y | Y = r] · p(Y = r)

E[X · Y | Y = r] = E[r · X | Y = r] = r · E[X | Y = r]
E[X | Y = r] = E[X]

E[X · Y ] =
∑

r∈Y (∆)

r · E[X] · p(Y = r) = E[X] · E[Y ]

!



X,Y

E[X · Y ]



A (p,∆) A
{0, 1} X(x) = 1 x ∈ A

X A

E[X] = p(A)

!



n n

X
E[X]

Xi

i
E[·]



n n

X
E[X]

Xi

i
E[·]

E[X] = (1 − 1

n
)n → 1

e
≈ 36.7%



Markov

X t > 0

p(X ≥ t) ≤ E[X]

t

r ∈ X(∆)
p(X ≥ t) =

∑
r≥t p(X = r)

E[X] =
∑

r r · p(X = r) ≥
∑

r≥t r · p(X = r)

E[X] ≥ t ·
∑

r≥t p(X = r) = t · p(X ≥ t) !



P (X ≥ 75%) ≤ 4

3
· (1 − 1

n
)n < 50%



(p,∆)
A1, . . . , An

vi 1 vi ∈ R i = 1, . . . , n

Ai x
A1

x + vi · x x

straight up



straight up
λ K(7) = 35 · λ K(x) = −λ
x '= 7

A

E[K] = p(A) · 35 · λ − (1 − p(A)) · λ = λ · (35

37
− 1 +

1

37
) =

−λ

37

−1/37 = −2.70%



E[K] = E[Xv− (1−X)] = E[X · (v +1)−1] = (v +1) ·p(A)−1

X A
v

E[K] = 0


